A general solution of the elastic equations is obtained for problems of stress distributions in plates or cylinders when the bounding faces of the plates Z = ±h, or the flat ends of the cylinders, are free from applied normal and shear stresses. The solution is expressed either in the form of Fourier series in the co-ordinate Z, or in power series in Z, the coefficients of the series being certain functions of the x and y co-ordinates which are sufficient to satisfy boundary conditions over two bounding cylindrical surfaces normal to the planes Z = ± h. The form of the theory is greatly simplified by making use of complex combinations of stress components, and by using the complex variable z = x + iy.
F ro m physical considerations it seems probable th a t th e classical th eo ry of general ized plane stress for th e stre tc h in g of plates so th a t th e m iddle plane of th e p late rem ains plane, gives values for th e average stresses w hich are quite accurate for practical purposes. R ecent three-dim ensional analysis for certain problem s (Green 1948; Green & W illm ore 1948) , norm ally solved only by th e generalized plane-stress th eo ry , indicates th a t, in th e m ain, th e approxim ate th eo ry is very good for th e prediction o f average stresses, although it does not, o f course, give an y idea of th e a ctu al distrib u tio n of stress. I t is unlikely, however, th a t th e classical th eo ry of bending o f plates norm al to th eir original planes gives values of stress resu lta n ts a n d stress couples w hich can be regarded as satisfactory, except in certain cases. R eissner (1944, 1945, 1947) has introduced a new th eo ry of bending o f plates b y considering th e effect of transverse shear deform ation. H e obtained a new system of equations b y using C astigliano's theorem of least work. This th eo ry is free of some of th e lim itations of th e classical th eo ry and, for exam ple, requires th e satisfaction of three b o undary conditions along th e edge of th e plate. A pplications have been m ade to certain classical problem s, including th a t of th e stress concentration a t a circular hole in an infinite plate under flexure an d torsion. F o r a wide range of values of th e ratio of th e diam eter o f th e hole to th e thickness of th e p late num erical results differ considerably from those obtained in th e classical theory, b u t, as Reissner rem arks, an exact estim ate of th e accuracy of th e num erical results is n o t possible, since th e exact three-dim ensional solution is n o t know n for this problem .
W hen th e problem of an infinite plate, containing a circular hole, a n d stressed b y forces applied so th a t th e m iddle plane of th e plate rem ained plane, was considered (Green 1948) , it was intended th a t th e th eo ry should be extended to deal w ith the problem s of th e transverse flexure of such a plate. A com plete re-exam ination of these three-dim ensional problem s has, however, led to a new m ethod of solution w hich appears to be m ore direct a n d som ew hat sim pler th a n th e previous m ethod. I t has, m oreover, a ra th e r w ider application and can, in theory, be used for m ore [ 533 ] general types o f problem s connected w ith flat plates. T he th eo ry also applies to cylinders of constant cross-section w hich are stressed b y forces applied to th e curved surface o f th e cylinder. A g reat econom y is effected in th e p resentation of th e theo ry b y using, as fa r as possible, some o f th e com plex variable n otations w hich are now widely used for th e tw o-dim ensional theory. The three-dim ensional stresses a n d equations of eq u i librium have been expressed com pactly w ith th e help o f complex variable b y Stevenson (1942 Stevenson ( , 1943 , who applied his n o tatio n s to th e approxim ate th eo ry o f th ick plates, a n d his no tatio n s form a convenient startin g -p o in t for th e present w ork.
The w ork divides n a tu ra lly in to tw o p arts, one of w hich deals w ith stress system s which are sym m etrical a b o u t th e m iddle plane of th e p late a n d th e o th er w ith anti-sym m etrical system s. I n th e la tte r case a first approxim ation to th e com plete three-dim ensional analysis provides a th eo ry of bending w hich is alm ost identical w ith th a t obtained b y Reissner. The consistent use o f com plex variable technique, however, simplifies th e form of th e results.
Before th e com plete th eo ry of th e present p aper can be applied to problem s con nected w ith th e stretching an d bending of plates containing a circular cylindrical hole, it is necessary to be able to com pute Bessel functions of th e second k in d which have complex argum ents. Some tables of these functions are being prep ared in Am erica for publication, so num erical applications of th e th eo ry have been p o st poned in th e hope th a t w hen th e tables become available th ey will help to reduce some of th e necessary labour of com putation.
T h e f u n d a m e n t a l e q u a t io n s
Consider C artesian co-ordinates x, y, Z a n d le x + iy w ith z = x -iy, th e com plex conjugate of z. Stresses connected w ith th e co ord in ate Z are denoted b y xz, yz, zz, since th ere is no need to confuse th e z in th is n o ta tio n w ith th e com plex variable. A tten tio n is directed to stresses in an isotropic elastic solid w hich is bounded b y th e planes T he solid m ay be eith er o f finite or infinite e x te n t in th e directions of x a n d y a n d m ay be eith er a p late o r a cylinder.
W hen body forces are ab sen t Stevenson (1942) has show n th a t th e stress equations of equilibrium can be expressed in th e form
where a b a r placed over a q u a n tity denotes th e com plex conjugate o f th a t q u a n tity 0 = xx + yy, ® = xx -yy + 2ixy, (2*2) I f u, v, w denote th e C artesian com ponents of displacem ent, a n d if = th e complex form of th e stress-strain relations is
w w here Poisson's ra tio 9/ a n d Y oung's m odulus E are related to Lam p's c o n sta n ts A, p b y
T he elim ination o f stresses from (2*1) a n d (2-3) gives E q u atio n s (2*5) m ay be satisfied b y I n order to avoid undue com plication in th e analysis a tte n tio n is restric te d to problem s of stress distributions in plates or cylinders w hen th e faces Z = ± h are free from applied norm al a nd shear stresses, since th e m ethod of solution w hen there are such applied stresses will v a ry w ith th e ty p e of stress w hich is prescribed. The general stress d istribution can be regarded as th e sum of tw o separate distributions which m ay be considered independently. In th e first distrib u tio n th e m iddle plane Z -0 of th e p late or cylinder is stretch ed b u t rem ains in th e sam e plane, an d in th e second th e m iddle plane of th e p late is b en t o u t of its plane b u t rem ains unstretched, th e corresponding stress system s will be referred to respectively as stress system s sym m etrical a n d anti-sym m etrical a b o u t th e m iddle plane = 0. T he an ti-sy m m etrical system s are considered in th e n e x t section.
3. An t i-symmetrical stress systems 3.1. Since th e faces of th e p late or cylinder are to be free from applied stress
The com plete solution of th e elastic equations subject to th e bou n d ary conditions (3 T T ) m ay be split up in to tw o p a rts. The first p a rt is th e o rdinary th ick -p late solution such as th a t given by Stevenson (1942) . B y itself th is solution is n o t ad eq u ate to deal w ith stress distributions in which th e stresses or displacem ents a t th e boundaries o th er th a n Z = ± necessary to seek for additional solutions. Consider first th e ord in ary th ick -p late solution, which is obtained here b y a m ethod slightly different from th a t used b y Stevenson (1942) . The no tatio n s have been chosen, however, so th a t th e final form of th e results are th e sam e.
Since th e stress system is to be anti-sym m etrical, th e functions Xz> Xz m u st be odd functions o f th e co-ordinate £ = Zjh. Suitable form s for th e th ick -p late H ence a sim ple calculation leads to th e results h* a 3 A3 -a i + Ai -
where Q^z), o)x{z) are general functions of th e com plex v ariable z. Also, from (2*9), (2*11), (3-1-2) a n d (&-1-5),
th e displacem ents D and w being o btained from (2-7), (3-1-6) a n d (3-1-7). This com pletes th e usual thick-plate solution for th e bending o f plates. I t is now necessary to consider fu rth e r types of solutions in order to get a com plete description o f th e displacem ents an d stresses in a general problem .
Suppose th a t th e harm onic function is expressed in th e form

X i = X i(z > z> sin (3 -2 -1 )
where
, it is seen th a t th e b o u ndary conditions (3-1-1) are satisfied provided c o s t vanishes, so th a t k = i{2r+1)7I (r _ 0 ,1 ,2 ,...) .
for Xi of th e form (3-2-1) is therefore
where, for convenience, th e variables z, z are om itted from th e y x(z, z, k) functions.
I t is assum ed, for th e present, th a t this series m ay be differentiated term b y term th e required num ber of tim es in order to satisfy th e harm onic equation. Now consider functions y 2, y 3 of th e form
where Xz(T)> y 3(r) are functions of z, z, r . Since y 2, y 3 are harm onic,
F rom (2-9) and (2-11) it is found th a t th e boundary conditions (3-1-1) are satisfied if X2(t) cost + y 3(r) (cost -r s i n r ) = 0, x2(t) sin r + y 3(r) r cos r = 0, (3-2-7)
an d these equations only give non-zero values for y 2(r), if 2t -s in 2 r = 0. each group of four roots are relevant to th e present work, a n d th ey are chosen-to be th e complex conjugate pairs which have positive real parts. The first ten pairs of roots have been evaluated num erically to six decim al places by H illm an & Salzer (1943) . The only real root of equation (3-2-8), nam ely, r = 0, has no significance for th e present work and m ay be ignored. The functions y 2, ^3 m u st be real so th a t th e com plete solution of th e form (3-2-5) is %2 = 2 X2(r ) sin ^£ + 2 sin f£, _ ^ Xa(r ) s in r£ _ y 2(r) sin t£ cos2t cos2r (3-2-9)
where th e sum m ations for r extend over all th e complex roots of (3-2-8) which ap p ear in th e first q u a d ra n t of th e complex plane, and th e sum m ations for t are over all th e corresponding complex conjugate roots. I t is assum ed th a t th e series (3-2-9) m ay be differentiated th e required num ber of tim es in order to satisfy th e harm onic equation. The displacem ents and stresses which correspond to (3-2-4) and (3-2-9) m ay now be found w ith th e help of (2-9), (2-10) and (2-11). Thus, m aking th e necessary assum ptions a b o u t th e differentiability of the infinite series, F = * 2 %i{i(2?' + 1)^} s i n^( 2 r + l )r ■p 2 {(2 -cos2 t) sin t£ + t£ cos t£ + 2?/ sin t£}^2(t) sin2 t -^ 2 {(2 -cos2 t) sin t£ + t£ cos t£ + 2 sin t£) %2(t) sin2 t, (3-2-14) th e rem aining stress functions O, X F, zz being given b y (2*9), (3*2*10), (3*2*12) a n d (3*2*13) a n d th e displacem ents b y (2*7), (3*2*10) a n d (3*2*11).
T h e com plete solution in general term s of th e anti-sym m etrical stress problem is ob tain ed b y adding th e p a rtia l solutions w hich have been found in th e previous sections ( § §3*1 a n d 3*2). I n order to solve a p a rticu la r problem in w hich either stresses or displacem ents are prescribed on th e edges of th e p late or curved surface of th e cylinder, tw o m ethods a p p e ar to be available. I n th e first, th e stresses a n d displacem ents are expressed as F ourier series in th e co-ordinate £, a n d in th e second pow er series in £ are used, an d th e m ethod w hich is m ost convenient will depend on th e ty p e of problem w hich is to be solved. F o r reference, th e required expansions in b o th F o u rier an d pow er series are added below in § § 4*1 a n d 4*2.
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4. E xpansions in F o u r ie r se r ies 4*1. Before th e stresses a n d displacem ents can be expressed as F o u rier series th e following expansions, w hich can be o btained b y th e usual m ethods, are required:
-r - Using these expansions th e com plete solution of th e elastic equations, satisfying th e boundary conditions (3*1*1), which is obtained by adding th e p a rtia l solutions given in § § 3*1 and 3*2, can be expressed in th e form Suppose now th a t th e plate or cylinder is bounded in th e x a n d y directions by tw o cylindrical surfaces, one surrounding th e other, a n d suppose, for definiteness, t h a t th e norm al a n d shear stresses are prescribed on these surfaces. C orresponding to th e oo3 term s in th e F ourier expansions (4-1-9) for th e applied stresses th ere are 00 eigen-values for k w ith 00 independent functions satisfying th e eq u atio n (3-2-2).
A n exam ination of th e roots of (3-2-8) shows th a t th ere are 00 -1 eigen-values for r a n d 00 -1 for f which together give oo2 -2 independent functions satisfying e q u a tions of th e ty p e (3-2-6). In addition, th ere are th e tw o general plane-harm onic functions O^z), w1(z). A ltogether th ere are oo3 independent functions each satisfying a second-order linear p a rtial differential equation in th e variables and these are sufficient to satisfy th e b o u n d ary conditions on th e tw o bounding cylindrical surfaces if th e applied stresses can be expressed as F ourier series in th e co-ordinate £. Sim ilarly, th ere are sufficient functions to solve a general problem when displace m ents are prescribed instead of stresses, or for a problem w ith m ixed boundary conditions. I n certain problem s th e m ost convenient form of solution m ay n o t be given b y F ourier series. I t is ju s t as sim ple to ob tain th e stresses a n d displacem ents as pow er series in £ from th e general solutions given in (3-1) an d (3-2) and these are recorded in th e n e x t section.
Expansions in power series
4.2.
Using th e know n power series for th e expansions of th e sine and cosine th e com plete solution of th e elastic equations, satisfying th e b o undary conditions (3-1-1), m ay be obtained from § § 3-1 a n d 3-2 in th e form X2(f)T 2"+3}, (4-2-7) (4-2-8)
As before, it can be show n th a t th ere are sufficient functions available for solving a general problem in w hich eith er stresses or displacem ents are prescribed on th e bounding cylindrical surfaces o f th e p late provided, in th is case, th e stresses an d displacem ents can be ex p anded as pow er series.
I n practice, approxim ations h av e to be m ade to th e com plete solution b y tak in g only a finite n u m b er o f term s o f th e Fourier or pow er series. If, for exam ple, th e first th re e term s are considered in each F ourier expansion th e n th e eigen-values of k will be restric te d to th e first th ree, those of r a n d f to th e first tw o o f each, giving altogether seven corresponding independent functions, th e rem aining eigen-values a n d functions being neglected. T hen using also th e functions QjXz), w-^z), th e b o u n d ary conditions m ay be satisfied as fa r as th e first th ree term s in th e F ourier expansions are concerned. T he a p p roxim ation m ay th e n be im proved successively b y including m ore a n d m ore term s in th e series a n d m ore of th e eigen-values k, r , f a n d th e ir corresponding functions.
I f only a first approxim ation is required it is convenient to consider th e stress resu lta n ts an d stress couples, a n d th is w ill be shown in th e n e x t section.
I n order to o b tain a satisfacto ry first approxim ation all th e eigen-values r, a n d all th e eigen-values k except th e first, to g eth er w ith th e ir corresponding stress functions, are neglected. T hen, using only th e function Xi(^n ) corresponding to k = \it,and also th e th ick -p late solution given in § 3* 1, th e non-zero stress resu lta n ts a n d couples, p er u n it area o f a cross-section of th e plate, tak e th e form s
Approximate b en d in g theory
(5-1)
The average value of th e transverse displacem ent is
A. E. Green
This approxim ate th eo ry is som ew hat sim ilar to th a t given by R eissner (1944, 1945, 1947) who o btained his results by quite a different m ethod. R eissner's solution is m ore general th a n th e present solution, since he included norm al pressures on th e faces of th e plate. I t is evident, however, th a t th e use of com plex variable greatly simplifies the form of th e results. T he m ain difference in th e tw o ap p ro x im ate theories is in equation (5-4) , since in R eissner's work th e function w hich corresponds to Xi(hn ) satisfies an equation in w hich n 2 in (5-4) is replaced b y 10 (allowing for a different n o tatio n for th e thickness of th e plate). I t is of in te rest to com pare th e tw o theories for th e problem of th e bending of an infinite p late containing a circular cylindrical hole.
The boundary conditions for this problem are In order to satisfy th e conditions (5*8) a t r it is nece vanish a t infinity, an d suitable form s for th e functions in (5-1) to (5*3) are
where A, B , D, F are real constants a n d K 2{rnj2h) is Bessel's function o f th e sec kind w ith pure im aginary argum ent. I t should be noticed also th a t th e corre sponding displacem ents are single-valued. Using th e p a rtia l derivatives a n d th e relations (5*1) to (5*3), (5*11) and th e b o undary condition (5*8), a stra ig h t forw ard calculation gives W { < l +^g ) + 2 tf0g ) ) = « * W , g ) , (5-15) th e rem aining constants n o t being needed for th e present purpose. The stress con cen tratio n facto r a t th e edge of th e hole, w hich is given by A is
(5-16) I f th is result is com pared w ith R eissner's form ula (66a) (1945), it is seen th a t the tw o agree w ith th e exception th a t th e argum ent of th e Bessel functions K 2 in (5*16) is \najh, whereas in R eissner's result (allowing for a different n o tatio n for th e thickness of th e plate) th e corresponding argum ent is T here is less th a n 1 % difference betw een these values so th a t th e tw o form ulae for stress con cen tratio n will give practically th e sam e results.
I n order to com pare th is approxim ate result w ith a m ore exact solution based on th e theo ry given in previous sections it is necessary to evaluate Bessel functions of th e second k ind which have complex argum ents. As sta te d in th e introduction this w ork is postponed in th e hope th a t tables of such functions, w hen available, will reduce th e am ount of num erical calculation.
S y m m e t r ic a l s t r e s s s y s t e m s
6.1. As for th e anti-sym m etrical system s th e com plete solution of the elastic equations subject to th e boundary conditions (3*IT ) consists of th e ordinary thickplate solution together w ith oth^r general solutions, and the thick-plate solution is obtained in th e present section. Once again th e no tatio n is chosen to agree w ith th a t used b y Stevenson (1943) From (2-9), (2-11) and (6-1-1) it is seen th a t the boundary conditions (3-1-1) m ay be satisfied by taking v !(Ao + + 7 2) = g! (4/?2 + 872 + ® a 2} -(6-1-3) a n d hence, using (6'1-2), it is found th a t Also from (2-9), (2-11), (6-1-1) a n d (6-1-4), (2), th e displacem ents D a n d w being obtained from (2-7), (6-1-5) a n d (6-1-6).
6-2. In this section general solutions are found w hich are sim ilar to those given in §3-2 for anti-sym m etrical system s. L et This eq u atio n has a n infinite num ber of com plex roots w hich a p p e a r in groups o f four, one in each q u a d ra n t of th e com plex plane a n d only tw o of each group o f four roots are relev an t to th e present w ork. These are chosen to be th e com plex con ju g ate pairs w ith positive real p a rts. The only real root 0 does n o t produce a possible solution a n d can be ignored. T he com plex roots of (6-2-8) do n o t a p p ear to have been tab u la te d .
T he functions y 2, y 3 m u st be real, so th a t th e com plete solution of th e form (6-2-5) is
(6-2-9) w here th e sum m ations for v e x ten d over all th e complex roots o f (6-2-8) w hich ap p ear in th e first q u a d ra n t of th e com plex plane, a n d th e sum m ations for v are over all th e corresponding com plex conjugate roots. Once again, suitable assum ptions are m ade a b o u t th e differentiability of th e infinite series. The displacem ents a n d stresses w hich correspond to (6-2-4) a n d (6-2-9) m ay now be found w ith th e help of (2-9), (2-10) a n d (2-11). T hus 
th e rem aining stress functions <D, T , zz being given by (2-9), (6-2-10), (6-2-12) a n d (6-2-13) and th e displacem ents by (2-7), (6-2-10) and (6-2-11).
The com plete solution in general term s of th e sym m etrical stress problem is obtained by adding th e p a rtia l solutions w hich have been found in § § 6-1 a n d 6-2. E xpansions in F ourier an d power series will be obtained in th e n e x t twcf sections. W ith th e help of these expansions th e com plete solution of th e elastic equations, satisfying th e boundary conditions (3-1-1), which is obtained by adding th e p artial solutions given in § § 6-1 and 6-2, can be expressed in th e form 00 oo F = S F2r cos rn£, T he suffices in th e coefficients of these F ourier expansions are w ritte n as a n d n o t rin order to distinguish th em from th e coefficients in (4-1-9). T he coefficients in (7-1-6) are found to be f t n -l = (7-2-8)
